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Brush seals are an important innovation, increasing the efficiency of turbomachinery for both land-based and

aeronautical applications. However, a performance drawback termed brush seal hysteresis has been reported that

can promote seal leakage, thereby undermining the effectiveness of the brush seal system. It is generally recognized

that hysteretic behavior may be attributed to complex frictional forces that are generated within the brush seal

during service, and that appropriate steps must be undertaken to understand, quantify, and minimize this source of

inefficiency in brush seal performance. This paper focuses on investigating hysteresis phenomenon that can be traced

to amechanical interaction between the bristle andbackplate of the brush seal. To this end, amechanics-basedmodel

is developed that can forecast both bristle deformation and friction forces that arise between the lateral surface of the

bristle and the edge of the back plate. The model uses general bending theory to examine three-dimensional

deformation of the fiber that is caused by transient, flow-induced axial loads within the jet engine. Correctness of

solutions obtained from themodel is validated by a direct comparisonwith known results that have been published in

the literature. On the basis of the mechanics model, a friction force path-based approach is proposed for quantifying

brush seal hysteresis, and results are presented indicating that the model can successfully forecast a stick-slip

phenomenon that naturally arises due to the axial flowof gases through the annular interspace between the rotor and

brush seal back plate.

Nomenclature

A = bristle cross-sectional area
b = fiber length on the back plate
C = torsion rigidity
Df = brush seal diameter measured between

undeformed bristle tips
Ds = rotor diameter
E = bristle modulus of elasticity
EI = bristle modulus of rigidity
FN = contact force between the fiber and back plate

edge
FNX , FNY , FNZ = component of FN along the global Xo, Yo,

and Zo direction, respectively
Fnx, Fny, Fnz = components of FN along local x, y, and z

axes, respectively
f = friction force between the fiber and the back

plate edge
G� = radial design separation (i.e., gap) between

rotor surface and seal back plate
G, G0 = components of the internal bending moments

on fiber cross section S in the x and y
direction, respectively

H = torsion couple in the fiber
H� = bristle length along radial direction
I = bristle moment of inertia
i, j, k = unit vector along the local coordinate axes x,

y, and z, respectively

L = bristle length
�L = dimensionless bristle length over the back

plate �L� b=L
li, mi, ni = direction cosines of the local x, y, and z axes

with respect to the fixed Xo, Yo, Zo

N, N0 = components of the shear force at an arbitrary
wire cross section in the x, y direction,
respectively

n1 = unit vector that is tangent to the back plate
edge at the fiber/back plate contact point

n2 = unit vector that is tangent to the deformed
fiber at the fiber/back plate contact point

P = axial flow-induced concentrated load
�P = dimensionless axial flow-induced

concentrated load �P� PL2=EI
Rs = rotor radius
r = bristle radius
S = arbitrary cross section of fiber
s = arc length coordinate along bristle neutral

axis
s1 = arc length measured form the fixed end of the

fiber until the fiber/back plate contact point
s� = dimensionless arc length coordinate along

bristle neutral axis
T = axial tension in the fiber
u, v = bristle deflection in x and y direction,

respectively
�u, �� = dimensionless bristle deflection in x and y

direction, respectively, �u� u=L, ��� �=L
Wfu,Wfd = work that friction force did during uploading

and downloading, respectively
Wpu, Wpd = work that force P did during uploading and

downloading, respectively
y = direction coordinate perpendicular to axis

along undeformed bristle
y�2 = y coordinate of bristle contact point along the

back plate edge coordinate �2
z = direction coordinate along undeformed bristle
�z = dimensionless coordinate along z axis
z�2 = z coordinate of bristle contact point along the

back plate edge coordinate �2

Presented as Paper 3983 at the 41st AIAA/ASME/SAE/ASEE Joint
Propulsion Conference & Exhibit, Tucson Arizona, 10–13 July 2005;
received 21 October 2005; revision received 29 March 2006; accepted for
publication 4 April 2006. Copyright © 2006 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0748-4658/07 $10.00 in
correspondence with the CCC.

∗Graduate Research Assistant, Department of Mechanical Engineering.
Student Member AIAA.

†Professor of Mechanical Engineering, Department of Mechanical
Engineering; robert.stango@marquette.edu. Member AIAA (corresponding
author).

JOURNAL OF PROPULSION AND POWER

Vol. 23, No. 2, March–April 2007

273

http://dx.doi.org/10.2514/1.20682


� = angle relating tangent direction of the back
plate edge to the fixed coordinate axes Y0, Z0

��
o = initial uniform radial interference between

rotor diameter and undeformed brush seal
diameter

�E = energy change
�Wf = differential work that friction force did during

the load cycle
�Wp = differential work that load P did during the

load cycle
" = solution convergence parameter
� = bristle lay angle
�, �0, � = components of vector ! along local x, y, and

z directions, defined as the components of
curvature �, �0 and the twist per unit length �,
respectively

�s = static friction coefficient
�k = kinetic friction coefficient
� = Poisson’s ratio
�2 = back plate edge coordinate along

circumferential direction
� = local slope at coordinate position s on

deflected bristle
! = constant angular velocity vector

I. Introduction

B RUSH seals have proven to be an effective replacement for
labyrinth seals in turbomachinery applications. Experience has

shown that a significant reduction in secondary leakage flows can be
obtained when the brush seal is designed and properly applied in the
application. However, due to the complex loading that a brush seal is
subjected to during service, a complete understanding of brush seal
behavior is not yet available.

As shown in Figs. 1a and 1b, a brush seal consists of an ordered
array of densely packed fine wires that are secured between a front
and back plate. The seal itself resides between successive stages of
the turbine whereupon air is compressed by turbine blades that are
attached to the rotating shaft. Thus, the brush seal provides a fibrous
barrier against leakage, as gases attempt to move toward the
downstream region of the turbine. In Fig. 1b (see inset) the oncoming
flow of gas is shown in the vicinity of the face of the brush seal, and
leakage is depicted as the movement of gas through the constricted
space G� between the seal back plate and shaft surface.

The flow/leakage of gas through the brush seal is very complex
and has been examined using both theoretical and experimental
methods of analysis. Generally, the brush seal is modeled as a series
of cantilever beams that are subjected to forces that can vary both
along the bristle length, and the through-thickness direction of the

seal. Consider, for example, the vertical section lines a–a, b–b, and
c–c shown in the inset of Fig. 1b. At the entrance of the seal face
(section line a–a), a radially inward fluid flow termed “blowdown”
has been examined by several researchers, including Bayley and
Long [1], Wood [2], and Chen et al. [3]. Also, as reported by Zhao
and Stango [4], the radially inward flow of gas can give rise to
increased contact forces at the interface of the bristle tip and shaft
surface. Within the central portion of the seal (section line b–b),
tightly packed fibers are subjected to the oncoming flow of gases that
can lead to compaction of the bristle network. However, at the
extreme right position of the brush seal (section line c–c), bristles are
supported and constrained by the back plate, which offers resistance
to bristle bending as gases move rapidly through the rotor/seal
interfaceG�. Finally, bristle tips that are positioned along horizontal
section line d–d, can be subjected to radial excursions caused by
rotor/bristle design interference, rotor eccentricity, and dimensional
changes that are associated with thermomechanical loads applied to
the system. Also, filament tips are subjected to a circumferential load
that arises as a consequence of rotor-induced swirl.

This paper is aimed at examining bristle deformation that occurs
along c–c, that is, in the immediate vicinity of the back plate of the
brush seal. The problem derives its importance from the fact that,
during service, bristles along the back plate are subjected to transient
loads, which result in the displacement of the fibers from their
equilibrium positions. However, due to friction forces that exist
between the neighboring bristles and back plate, the deformed
bristles cannot fully recover from their deflected shape, and
therefore, can remain locked in position when transient loads are
diminished. As a result, leakage can increase considerably when
compared with acceptable levels that are associated with nominal
design interference for a concentrically rotating shaft. Although this
“bristle lock” and change in brush seal performance has been termed
“hysteresis,” the phenomenon has yet to be quantified and
systematically investigated as an inherent property of brush seal
systems. Therefore, this paper is also aimed at developing a
mechanics-based rationale for computing bristle/backplate hyste-
resis, thereby providing a basis for understanding important
relationships among brush seal tribology, performance, and design.

The hysteresis phenomenon has been observed by many
experimental researchers. In 1993, Chupp andDowler [5] found that,
during brush seal performance tests, leakage performance under a
given pressure ratio depends onwhether this pressure ratio is reached
by an increase or decrease in the pressure. Studies conducted byBasu
et al. [6] have indicated that an axial pressure differential across the
brush seal intensifies frictional forces between neighboring bristles
and at the back plate. As a result, any subsequent radial movement of
the shaft can alter the effectiveness of the brush seal.

In an effort to obtain an improved understanding of brush seal
hysteresis behavior, previous researchers have proposed several
approaches for simulating this phenomenon. Aksit and Tichy [7], for
example, have used a discretization technique for computing bristle
force and deformation. Their model consisted of a representative
bristle bundle rubbing against a rigid backplate surface. Each bristle
was discretized using 3-D quadratic beam elements, and various
contact elements were used to simulate bristle/rotor contact,
interbristle contact, and bristle/back plate contact, respectively.
Using Coulomb’s law of friction as a basis for computing frictional
contact forces, their findings indicated that the model can be used to
forecast bristle hysteresis. Howell and Lattimer [8] have proposed a
single bristle bending model to simulate the locking phenomenon of
a bristle located adjacent to the backplate. In this model, deformation
of a single bristle is computed under the action of an assumed
concentrated load (axialflow load) applied at thefiber tip using linear
beam theory.Although the effect of frictional interaction between the
bristle and the back plate is included in their model, the authors note
that for a range of practical coefficients of friction, locking of a single
bristle cannot be predicted on the basis of small deformation (i.e.,
linear) beam theory. Therefore, an alternate model is needed to
evaluate the brush seal hysteresis phenomenon. The role of
distributed interbristle friction force on brush seal hysteresis has
been reported byZhao and Stango [9]. Theirmodel has demonstrated
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that the combination of interbristle friction force and compaction of
the bristle pack due to axial fluid flow can result in a uniformly
distributed internal micromoment that resists bending deformation.
Consequently, interbristle friction force can give rise to a delayed
filament displacement as well as an incomplete bending recovery of
bristles. As a result, a gap can form between the rotor and bristle tips,
which inevitably increase the flow of leakage.

In this paper, a mechanics-based model is developed for
evaluating the deflection of a single bristle that is subjected to an out-
of-plane transverse load at the tip of the filament. Thus, as in
previously reported research, a concentrated end load is used for
approximating the total axial flow force that arises as gases rapidly
move through the shaft/seal interface. General bending theory is
applied to compute bristle out-of-plane deformation and the
solutions obtained herein are validated by a direct comparison with
results reported byHowell andLattimer [8]. The presentwork clearly
indicates that as the single bristle deforms, sliding motion occurs
between the side of the fiber and the edge of the back plate. Thus,
hysteresis is defined and computed on the basis of the work done by
the frictional force that acts along the interface of the bristle and back
plate edge. A closed hysteresis loop is thus identified and defined as
the path-dependent area that is generated when the transverse load
undergoes one complete uploading/downloading cycle. Two case
studies for hysteresis are reported, namely,�s � �k and�s > �k for
a range of friction coefficients. It is shown that the severity of
hysteresis phenomenon is dependent upon not only the magnitude of
the friction coefficient, but also the relative magnitude of the static
and kinetic friction coefficient.

II. Theoretical Background and Formulation
of Problem

The current problem is depicted in Fig. 2a, whereby a single bristle
taken from the last row of the bristle array is isolated and examined.
The undeflected bristle having length L is oriented at the fiber lay
angle �. Also shown is a concentrated load of arbitrary magnitude P
(force), which arises due to the axial fluid flow passing through the
bristle network along the annular region G� [see Fig. 1b]. Because
this region generally is only 10%of thewhole bristle length, onemay
approximate the distributed transverse fluid load as a concentrated
load applied at the fiber tip. Also, CFD calculations [10] have shown
that the velocity of airflow is greatest near the fiber tip. Friction force
f between thefiber and the back plate is shown in Figs. 2a and 2b, and
is directed along coordinate �2, that is, tangent to the back plate edge,

as illustrated in Fig. 2b. The magnitude of f is presumed to obey
Coulomb’s law of friction.

Although a planar view of bristle deformation is depicted in
Fig. 2c, it is apparent that a nonzero lay angle � gives rise to three-
dimensional bristle deformation under the action of load P, that is,
the fiber not only bends along the direction of force P, but also
deforms along the direction of back plate edge coordinate �2. As a
result, formulation of the problem will be based upon general
bending theory for computing the bristle deformation.

A. Governing Equations

As shown in Fig. 3, a deformed fiber having internal forces and
moments at an arbitrary cross section S is depicted. Coordinate
position of the bristle is specified by global coordinates X0, Y0, Z0

and local axes x; y; z, which are principle torsion–flexure axes at an
arbitrary point of the deformed fiber [11].

In agreementwith customary nomenclature, we suppose the origin
of the local coordinate system x, y, zmoveswith a unit velocity along
the deformed neutral axis of the fiber, and the local rotating frame
possesses an angular velocity vector ! at each point along the
deformed fiber. Thus, ! is resolved into three components directed
along x, y, and z directions, which are defined as the components of
curvature �, �0 and the twist per unit length �, respectively.

To a second order of approximation, the equilibrium equations for
the deformed fiber can be expressed as follows:

dN

ds
� N0� � T�0 � 0 (1)

dN0

ds
� T�� N� � 0 (2)

dT

ds
� N�0 � N0�� 0 (3)

dG

ds
�G0��H�0 � N0 � 0 (4)

dG0

ds
�G� �H�� N � 0 (5)

dH

ds
�G�0 �G0�� 0 (6)

the above six differential equilibrium equations contain nine
unknown quantities, namely N, N0, T, G, G0, H, �, �0, and �. Thus,
three additional equations are required to determine the deformation
(curvature and twist) of the fiber. In addition, the relationship
between internal moments, curvature, torque, and twist are based
upon the familiar “Bernoulli–Euler” relations:

G� EIx� (7a)

G0 � EIy�
0 (7b)
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H � C� (7c)

If the fiber cross section is circular with radius r, then

Ix � Iy � I � 	r4

4
(8)

C� 	r4

4�1� �� (9)

where � is Possion’s ratio.
Substituting Eqs. (7a–7c) into Eqs. (4–6), one obtains

EI
d�

ds
� EI�0� � C��0 � N0 � 0 (10)

EI
d�0

ds
� C��� EI�� � N � 0 (11)

C
d�

ds
� 0 (12)

However, because C ≠ 0, we require

d�

ds
� 0 (13)

and conclude

��s� � const (14)

Moreover, because no twisting moment H exists at the fiber tip
(s� L), that is, Hjs�L � 0, then Eq. (7c) yields

�js�L � 0 (15)

Together, Eqs. (14) and (15) yield the following:

��s� � const� 0 (16)

Final form of the governing equilibrium equations is obtained by
inserting Eq. (16) into Eq. (10) and (11) and Eqs. (1–3):

EI
d�

ds
� N0 � 0 (17)

EI
d�0

ds
� N � 0 (18)

dN

ds
� T�0 � 0 (19)

dN0

ds
� T�� 0 (20)

dT

ds
� N�0 � N0�� 0 (21)

Summarizing, the current problem consists of the above five
equilibrium equations along with five unknowns,N,N0, T, �, and �0.

B. Coordinate System Transformation and Direction of Contact

Force FN

1. Coordinate System Transformation

The local coordinate system x, y, and z is related to the fixed axes
X0; Y0; Z0 by the scheme in Table 1 [11] where, for example, l1,m1,
n1 are the direction cosines with respect to the global axes for the x
axis. Similar definitions are applicable for the y and z axes.

For the current problem, one can readily demonstrate that the
relations among direction cosines and curvature are given by

dl1
ds

��l3�0 (22)

dm1

ds
��m3�

0 (23)

dN1

ds
��n3�

0 (24)

dl2
ds

� l3� (25)

dm2

ds
�m3� (26)

dN2

ds
� n3� (27)

dl3
ds

� l1�
0 � l2� (28)

dm3

ds
�m1�

0 �m2� (29)

dN3

ds
� n1�

0 � n2� (30)

If we take the global coordinate axis to coincide with the local
coordinate axes at s� 0, the following initial conditions are
obtained:

l1js�0 � 1; m2js�0 � 1; n3js�0 � 1

l2js�0 � l3js�0 �m1js�0 �m3js�0 � n1js�0 � n2js�0 � 0
(31)

Thus, the displacement of the deformedfiberwith respect to global
coordinate can be computed as

X�s� �
Z

s

0

l3 ds (32)

Table 1 Cosine directions of local x; y; z axes with respect to fixed

X0;Y0;Z0 axes

X0 Y0 Z0

x l1 m1 n1

y l2 m2 n2

z l3 m3 n3
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Y�s� �
Z

s

0

m3 ds (33)

Z�s� �
Z

s

0

n3 ds (34)

2. Direction of Reaction Force FN

As shown in Fig. 2a, P is the equivalent concentrated load due to
axial fluid flow,N�0�, T�0�,N0�0� are reaction forces at the fixed end
of the fiber (s� 0), and FN is the normal contact force between the
back plate edge and the fiber at point Bwhere s� s1. Themagnitude
of FN is unknown and must be determined as an integral part of the
solution. However, the direction of FN can be determined by
assuming that the fiber contacts the back plate edge at point B (refer
to Fig. 2a). Next, two vectorsn1 andn2 are defined as follows:n1 is a
unit vector that is tangent to the back plate edge at point B,n2 is a unit
vector that is tangent to the deformed fiber at point B, that is, along
local coordinate axis z at point B. Because the direction of normal
contact forceFN must be perpendicular to both the tangent line of the
deformed bristle and the back plate edge at the contact point, then the
direction of FN can be computed as follows:

F N � n1 � n2 (35a)

where, as one may observe in Fig. 2b,

n 1 � �0; cos�; sin�� (35b)

n 2 � �l3�s1�; m3�s1�; n3�s1�	 (35c)

�� �� 
 (35d)

where s1 is the arc length measured from the fixed end to the contact
point B, l3�s1�,m3�s1�, and n3�s1� are cosine directions of vector n2

at point B with respect to the global coordinate axes X0, Y0, and Z0,
and Z�2 , Y�2 are global coordinates of point B, as further discussed in
the next section. Consequently, the cross product of n1 and n2 is

n 1 � n2 �
������
i j k
0 cos� sin�
l3 m3 n3

��������n3 cos� �m3 sin��i

� �l3 sin��j� ��l3 cos��k (36)

and the components of the unit normal vector ofFN can be expressed
as

�
n3 cos� �m3 sin��������������������������������������������������������

�n3 cos� �m3 sin��2 � l23
p ;

l3 sin��������������������������������������������������������
�n3 cos� �m3 sin��2 � l23

p ;

�l3 cos��������������������������������������������������������
�n3 cos� �m3 sin��2 � l23

p �
(37)

or, in terms of the global axis, we have

FNX � n3 cos� �m3 sin��������������������������������������������������������
�n3 cos� �m3 sin��2 � l23

p FN (38)

FNY �
l3 sin��������������������������������������������������������

�n3 cos� �m3 sin��2 � l23
p FN (39)

FNZ �
�l3 cos��������������������������������������������������������

�n3 cos� �m3 sin��2 � l23
p FN (40)

C. Boundary Conditions and Constraint Equations

1. Boundary Conditions

Based upon physical considerations, the fiber tip at s� L is
moment free, so that the curvature �, �0 at this point is zero, that is,

��L� � 0 (41a)

�0�L� � 0 (41b)

Figures 2b and 2c are projections of the deformed fiber in the
Y0–Z0 and X0–Z0 plane, respectively. As shown in Fig. 2b, the
equilibrium equation along the Z0 direction can be expressed asX

FjZ0
� 0 (42)

T�0� � FNZ � f sin� (43)

Similarly, one can enforce equilibrium along the X0 and Y0

directions to obtain the following equations:

N�0� � FNX � P (44)

N0�0� � FNY � f cos� (45)

In summary, the boundary conditions at s� 0 are given by

T�0� � FNZ � f sin� (46)

N�0� � FNX � P (47)

N0�0� � FNY � f cos� (48)

2. Constraint Conditions

As a first constraint condition, one may observed that the
coordinate position of the deformed fiber at contact point B [X�s1�,
Y�s1�, Z�s1�], namely [reference Eqs. (32–34)]:

X�s1� �
Z

s1

0

l3 ds (49a)

Y�s1� �
Z

s1

0

m3 ds (49b)

Z�s1� �
Z

s1

0

n3 ds (49c)

must lie on the back plate edge (X�2,Y�2,Z�2), which, by inspection of
Fig. 2b, is given by

X�2 � 0 (50)

Y�2
� Ri sin � � �Rs � G�� sin

�
�� �2

�Rs �G��
�

(51)
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Z�2
� Ri cos � � �Rs �G�� cos

�
�� �2

�Rs �G��
�

(52)

where Ri � Rs �H� ���
o. The final form of the constraint

equations is thus obtained by combining Eqs. (49a–49c) and (50–
52), which yields the following:

jX�2
� X�s1�j< " (53a)

jY�2 � Y�s1�j< " (53b)

jZ�2 � Z�s1�j< " (53c)

where " is a prescribed convergence parameter.
Also, the direction cosines (l3,m3, n3) at contact point B (s� s1)

are unknown and must be determined as an integral part of the
solution. Because the direction cosines (l3, m3, n3) must satisfy the
identity l23 �m2

3 � n2
3 � 1, only two additional constraint equations

are needed to ensure the difference between the initially estimated

values l̂3, m̂3 and computed values ~l3, ~m3 that were obtained from
Eqs. (22–30) will satisfy the convergence criteria, that is,

jl̂3 � ~l3j< " (54a)

jm̂3 � ~m3j< " (54b)

D. Solution Procedure

Governing Eqs. (17–21) are five first order nonlinear differential
equations with boundary conditions at s� L [Eqs. (41a) and (41b)]
and s� 0 [Eqs. (46–48)]. Because a closed-form solution for the
governing equations is not feasible, a numerical method (Runga–
Kutta) will be applied to solve the current problem. Thus, initial
conditions at s� 0 for N, N0, T, �, and �0 must be provided. From
previous discussion, initial conditions for N, N0, T at s� 0 were
given by Eqs. (46–48). However, the two initial conditions for ��0�
and �0�0� are unknown and must be reckoned by an initial estimate.
Subsequently, the governing equations are solved using the Runga–
Kutta method over the interval s� 0 to s� L, and the computed
values for �̂�L�, �̂0�L� are obtained. The difference between �̂�L�,
�̂0�L� and the known boundary conditions Eq. (41) can be
successively reduced to an arbitrarily small value " by using an
iterative solution procedure. Also, notice that an initial guessmust be
first given for the five unknown variables s1, l3�s1�, m3�s1�, �2 or f,
and FN to compute the initial condition cited in Eqs. (46–48).
Subsequently, an iterative convergent solution to the five constraint
equations (53a–53c), (54a), and (54b) leads to the unique solution for
the five unknown variables.

While solving the governing equations over the interval s� 0 to
s� L, special care must be taken in assessing the solution at s� s1,
which corresponds to the location where concentrated force FN is
applied and the internal forces N�s1�, N0�s1�, T�s1� will undergo an
abrupt change due to this load. The following discussion briefly
outlines how to compute the internal forces N, N0, T at s� s1:

First, according to Eqs. (38–40), one can estimate the components
of FN (FNX , FNY , FNZ) along fixed coordinate axes X0, Y0, Z0.
Because each valueN,N0, T in the governing equations is evaluated
with respect to the local coordinate axes, and the cosine directions of
the local coordinate axes at s� s1 relative to the fixed axesX0,Y0,Z0

are as indicated in Table 2. Then the components of FN along local
coordinate axes x, y, z at s� s1 (Fnx, Fny, Fnz) can be expressed as

Fnx

Fny

Fnz

2
4

3
5�

l1 m1 n1

l2 m2 n2

l3 m3 n3

2
4

3
5 FNX

FNY

FNZ

2
4

3
5 (55)

When solving the governing equation along the interval [0; L], one
must divide this interval into two subintervals, namely, 0 
 s 
 s1
and s1 
 s 
 L. Upon completing the solution for the first interval,
N�s1�, N0�s1�, T�s1� can be obtained. Before continuing to compute
the solution along the interval s1 
 s 
 L, the components of the
concentrated load FN along local coordinate system x, y, z axes at
s� s1 must be added, that is,

N�s1� � N�s1� � Fnx (56a)

N0�s1� � N0�s1� � Fny (56b)

T�s1� � T�s1� � Fnz (56c)

Subsequently, the remaining portion of the solution can be obtained
such that Eqs. (53) and (54) are satisfied. The trust-region method
(Matlab® online help) is employed in the current research for
obtaining improved estimated values for ��0�, �0�0�, s1, l3�s1�,
m3�s1�, �2 or f, and FN . Further details concerning the solution
algorithm used in this research can be found in [12].

III. Proposed Approach for Evaluating Hysteresis
Phenomenon

In this section, we will examine the hysteresis phenomenon that
occurs when the fiber tip is subjected to a transverse load P, which
undergoes one complete uploading and downloading cycle as shown
in Fig. 4. The load cycle chosen is symmetric, that is, the interval
(arbitrary) over which the bristle is uploaded along the linear load
history 0< P < Pmax is followed by similar downloading over the
same interval.

For simplicity, it is assumed that, before the applied cyclic loading,
the initial strain energy of the fiber is zero because the fiber is
undeformed.At the onset of uploading, thefiber begins to bend and is
subjected to both P and f that arises along the back plate edge.
Throughout the load history, the fiber is allowed to slide/relocate
along the back plate edge as P is varied throughout the load cycle.
Thus, bothP and f performwork, namelyWpu andWfu, respectively,
and the strain energy of the fiber increases by the corresponding
amount E1 �Wpu �Wfu. While downloading, the fiber may
undergo deformation that is different from that of uploading, and,
consequently, the work done by f and P can be denoted byWpd and
Wfd, respectively, and are generally different from Wpu and Wfu.

Table 2 Cosine directions of local x; y; z axes with respect to fixed

X0;Y0;Z0 axes at s� s1

X0 Y0 Z0

x l1�s1� m1�s1� n1�s1�
y l2�s1� m2�s1� n2�s1�
z l3�s1� m3�s1� n3�s1�

Pmax

Time (arbitrary units )

P

Uploading Downloading

1 cycle

Fig. 4 Hypothetical load history for P.
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Thus, the energy recovered during downloading is defined by
E2 �Wpd �Wfd. As the load cycle ends, P and the corresponding
friction force is reduced to zero and, therefore, the fiber returns to its
initial load-free configuration having a final strain energy content of
zero.

According to the relationship between work and energy, the work
done by external forcemust equal�E throughout the load cycle, that
is,

�E� E1 � E2 � �Wfu �Wpu� � �Wfd �Wpd� (57)

where, in the current study, we assume the load is applied
quasistatically, that is, kinetic energy is neglected. Because the initial
andfinal strain energy content is zero at the beginning and conclusion
of a load cycle, �E� 0, and the difference in work done over the
load cycle is

Wfu �Wfd ���Wpu �Wpd� (58a)

�Wf ���Wp (58b)

Thus, the differential work�Wp done by transverse load P at the
conclusion of the load cycle has the same magnitude of differential
work�Wf done by the friction force over the same load cycle. In the
current study, both the direction of the friction force and the
displacement (i.e., movement/sliding along the back plate) is along
the corner of the back plate itself. As a result, the total work done
during uploading and downloading, respectively, is

Wfu �
Z

��

0

f d�2; Wfd �
Z

0

��
f d�2 (58c)

where �� refers to the maximal displacement along the edge of the
back plate. Because Eq. (58c) merely represents the area under the
uploading/downloading traversals, respectively, it is apparent that
the hysteresis directly corresponds to the disparity between
uploading and downloading paths, that is, the net area that encloses
the uploading/downloading paths exactly corresponds to �Wf. In
conclusion, this provides a basis for evaluating the hysteresis H
associated with one complete load cycle as follows:

H ��Wf �
I

f d�2 �Wfu
�Wfd

(58d)

IV. Numerical Results and Discussion

A. Validation of Model

In this section, the correctness of the present numerical results is
validated by a direct comparison with a closed-form solution
reported by Howell and Lattimer [8]. Figure 5 illustrates the
mechanics problem proposed in [8], whereby a single fiber is
clamped at one end to a flat surface oriented in the horizontal plane.
One may observe that the free end of the bristle hangs off of the table
edge. The concentrated load P is lumped at the free end of the fiber
and represents the total force exerted by oncoming flow of gas
through the interface of the rotor/back plate region. In [8],
deformation of the fiber is assumed to satisfy small deformation
theory, and displacements are examined in both the x and y

directions. The closed-form solution for dimensionless displacement
along the x and y directions, �u� u=l and ��� �=l, respectively, are
written in terms of the current paper nomenclature as follows:

�u�
(

1
48
tan ���z2�1� �L��3� �L���z � 3 �L� �P2	 0 
 �z 
 �L

1
48
tan �� �L2�3� �L��1� �L�� �L � 3�z� �P2	 �L 
 �z 
 1

(59)

��

�
(

1
4 �L
� �L� 1���z� �L��z2 �P 0
 �z
 �L

1
12
� �L3 � 3 �L2� 2� 3� �L� 1��2� �L��z� 2��z� 1�3 �P �L
 �z
 1

(60)

where �P� PL2=EI is the nondimensional axial load, and �z� z=L is

the nondimensional coordinate along the z axis, and �L� b=L is
nondimensional distance along the fiber length where contact is
made along the edge of the back plate.

Thus, the corresponding dimensionless displacements �u, �� at the

fiber end (�z� 1) for various �P can be derived from the above
equations, and are given by the following:

�uj�z�1 �
1

48
tan � �L2�1 � �L��3 � �L�� �L� 3� �P2 (61a)

��j�z�1 �
1

12
� �L3 � 3 �L2 � 2� 3� �L � 1��2 � �L�	 �P (61b)

Figure 6 shows a comparison of the results from [8] and the current
general bending theory for �� 0, �� 0, l� 0:286 in:,
I � 3:0171 � 10�12 in:4, E� 30 � 106 psi, where the dotted line
shows the results fromEqs. (59) and (60), and the solid line shows the
numerical results from general bending theory. For the current case
(�� 0), it is apparent that the fiber only deforms in the x–z plane,
and, consequently, the nondimensional displacement �u along the x
direction is zero. Thus, both linear beam theory and general bending
theory have the same results for the �u displacement. As for the ��
displacement, when �P reaches the point �P� 5:346 (shown as a
vertical line), the slope at the end of the cantilever beam is equal to
0.1 rad, which is often taken as the limit of applicability for linear
beam theory. Accordingly, the difference between these two results
is small, and linear beam theory is regarded as valid to predict the
bristle deformation within this load range [13].

However, as �P continuously increases, the difference between

these two different solutions increases. For example, at �P� 10, the
difference between these two solutions is approximately 10%. Also

notice, under the same load �P, the nondimensional displacement ��
from general beam theory is always less than that of linear beam
theory, which means the current bending model is stiffer than the
model proposed in [8]. To account for this behavior, the current

b

y(  )

x(u)

A

B

θ

ν

P

Z(w)

Fig. 5 Depiction of bristle bendingmodel used byHowell and Lattimer

[8].
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problem is further illustrated in Fig. 7, whereby onemay observe that
for the current model, the reaction force FN at the back plate edge is
reckoned to be perpendicular to the local slope of the elastica at
contact point B. As a result, there exists both a force componentFNX

along the (transverse) x direction and a force component FNZ along
the z direction, which resists transverse fiber deformation. In
contrast, for linear beam theory, the reaction force FNZ is assumed
parallel to P, that is, in the transverse direction only, and therefore,
the “apparent” stiffness of the fiber is less than that obtained in the
present result. This is also consistent with the difference in slopes
obtained for the twodifferent solutions that is,�a < �b, as depicted in
Fig. 7.

Figure 8 compares the two different solutions for �� 0,
�� 45 deg, l� 0:286 in:, I � 3:0171 � 10�12 in:4, E� 30�
106 psi. One may observe that when � ≠ 0, the fiber deformation

occurs in both the x and y direction. The vertical line �P� 3:574
shows the position where the slope at the fiber reaches 0.1 rad for the
dimensionless displacement �u. Here, a discrepancy of nearly 30% is
observed for the two different solutions. Moreover, linear beam
theory indicates that the displacement �u�L� increases with the square
of �P [refer to Eq. (59)], whereas the present model forecasts that a
more complex behavior of the bristle tip displacement �u�L� occurs at
higher load levels.

B. Hysteresis Case Studies

In this section, the model developed herein for out-of-plane
bending of a brush seal bristle is applied to a fiber whose tip is
subjected to the axial load P. Specifically, the normal and frictional
contact force along the interface of the bristle and back plate edge is
computed. Subsequently, the friction force f is used as a basis for
computing the work done, as the side of the bristle slides along the
curved edge of the back plate. As noted in Sec. III, the corresponding
hysteresis can be readily computed for various frictional contact
conditions of interest. In the current study, we explore two different
frictional conditions, namely, �s � �k and �s > �k, in conjunction
with the load cycle shown in Fig. 4. The load cycle chosen is
symmetric, that is, linearly uploading over the excursion 0 
 P 

Pmax is followed by similar downloading over the same interval.

Case 1. �s � �k

Results are shown in Fig. 9a for the special case �s � �k � � for
several different friction coefficients, that is,�� 0:0, 0.01, 0.1, 0.21,
0.3, 0.32, 0.35, and 0.4. To facilitate this illustration, the upload
portion of the load cycle for �s � �k � 0:21 has been depicted by
the segment of the curve a–b–c. Similarly, the download portion of
the load cycle is represented by the segment of the curve c–d–a,
thereby completing the cycle. Throughout the excursion, each data
point (open circle) represents an incremental change of the applied
axial force. One may observe that for the chosen load cycle, the
uploading and downloading paths have a similar history. For
example, the selection of friction coefficient �� 0:21 leads to an
initial resistance (segment a–b), and is followed by a smooth sliding
motion of the bristle side along the back plate edge (segment b–c) up
to point c, whereupon maximum axial force Pmax is reached.
Similarly, downloading is accompanied by an initial resistance of the
fiber to return to its original configuration (segment c–d). However,
upon reaching a directionally reversed frictional force of sufficient
magnitude (i.e., at point d), the bristle undergoes smooth sliding
motion as it returns to the initial load-free equilibrium position
(segment d–a). For the limiting case of �� 0:0, no frictional load
exists, and the expected result is shown in Fig. 9a, whereby,
uploading and downloading yields the same path.

As previously explained, hysteresis is computed on the basis of the
net area generated by each closed path having the constant friction

FNZx,u z,w

FN

B

a)

b)

x,u z,w

P

FNFNX

P

B aϕ

bϕ

Fig. 7 Interpretation/explanation of different force system directions

forFN , using general beam theory and linear beam theory (results shown

are for bristle with lay angle �� 0).
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coefficient shown in Fig. 9a. This net area is plotted in Fig. 9b for
each friction coefficients and demonstrates that the magnitude of
hysteresis regularly increases as the friction coefficient increases.
However, a maxima for the hysteresis is reached at approximately
�� 0:3, whereupon the energy loss declines as � is further
increased. For the chosen values of friction coefficient greater than
0.32, no hysteresis is recorded. This is consistent with the expected
result, because for a sufficiently large friction coefficient, no
movement of thefiber is allowed along the edge of the back plate, that
is, the bristle is “pinned” at its equilibrium position. Although the
above study indicates that no hysteresis is detected for
�s � �k � 0:35, this result cannot be construed as beneficial. That
is, because the bristle remains pinned throughout the load cycle, one
may expect that such larger values of friction coefficient can lead to
increased stiffening of the bristle/seal system.

Case 2. �s � �k

In Fig. 10, the results are shown for�s � 0:21 and�k � 0:01, 0.1,
and 0.21, respectively. An obvious stick-slip phenomenon is
observed for�s > �k. For example, for�s � 0:21 and�k � 0:01, as
P is applied incrementally, the static friction force begins to
accumulate, and the fiber sticks to its original position at the back
plate. However, upon reaching a maximum static friction force of
Fsa � 6 � 10�4 lb (i.e., pointa), the fibermoves (slips) toward a new
equilibrium position at point b. Subsequently, as P is continually
increased, the static friction force will again build up at its current
equilibrium position, where the fiber remains pinned (i.e., path b–c).
As the normal load P is further increased, the static friction force
reaches a newmaximumvalueFsc � 12 � 10�4 lb (i.e., point c), and
the fiber slides along the back plate to achieve a new equilibrium
position, that is, to point d. To complete the uploading portion of the
load cycle, the normal forceP is further increased, however, the fiber
remains locked in position (i.e., path d–e), even as the friction force
continues to increase. While unloading P, the fiber remains at its
current position along the back plate, and the friction force rapidly
decreases. Upon declining to the pointf, whereby the friction force is
zero, the friction force subsequently changes sign, that is, the
direction of friction force has been reversed. As the axial load is
further decreased to the value of P� 0:0018 lb, the fiber begins to
retract along the edge of the back plate. Similarly, the stick-slip
phenomenon that was identified during uploading also appears
during the downloading process. Finally, whenP� 0, closure of the
hysteresis loop occurs, and the enclosed area of the hysteresis path
can be computed. It is of interest to compare the hysteresis associated
with various kinetic friction coefficients �k while keeping the static
friction coefficient�s constant. Thus, Fig. 10b records the hysteresis
for each friction condition shown in Fig. 10, whereby it is observed

that the energy loss is the greatest when the static and kinetic
coefficients of friction are identical (i.e., �s � �k � 0:21). This
indicates that a reduction of the kinetic coefficient of friction leads to
a reduction of hysteresis.

V. Conclusions

In this research, a three-dimensional model has been developed to
examine large displacement of a brush seal bristle that resides along
the back plate and is subjected to a concentrated transverse (axial)
load at the fiber tip. The numerical solutions obtained herein have
been validated by a direct comparison with the results reported by
Howell and Lattimer [8], which used linear beam theory. Based upon
the results reported in this paper, the following conclusions are
surmised:

1) As one may expect, linear beam theory is adequate for
computing bristle deformation at lower load levels. However, at
elevated load levels, general beam theory must be applied to obtain
accurate deformation of the bristle.

2) Under the action ofP, the specification of a nonzero � gives rise
to three-dimensional deformation, that is, the bristle not only bends
in the direction of P, but also slips along the edge of back plate.

3) The hysteresis phenomenon can be modeled as an energy loss
during an axial flow-induced load cycle, which is the same as the
work done by the frictional force generated along the interface of the
bristle and back plate edge.

4) For �s � �k � � the magnitude of hysteresis increases as the
friction coefficient is increased. A further increase of the friction
coefficient, however, leads to an upper bound for the hysteresis. At
this point, any additional increase in � leads a declining loss of
energy, because bristle slippage is restricted. Finally, upon reaching
the critical value of friction coefficient�� �cr, no movement along
the back plate edge is allowed and the side of the bristle remains
pinned for all � > �cr.

5) For the case of �s > �k an obvious stick-slip phenomenon is
observed. Moreover, results show that as the kinetic friction
coefficient is successively reduced, themagnitude of hysteresis jHj is
likewise reduced.
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